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ABSTRACT
The Anthena Vortex Lattice (AVL) [1] program de-
scribes aerodynamic and flight-dynamic analysis of rigid
aircraft of arbitrary configuration and we use it to anal-
yse the stability modes of a Boeing 737-800 under various
small perturbations about trimmed equilibrium. We per-
turb the aircraft’s free-stream velocity, its banking angle,
its mass (which can be considered in conditions such as
fuel dumping) and also analyse how it behaves at differ-
ent heights (different air densities). We then compute
the time it takes the various stability modes to return
to equilibrium and show that this time obeys the logis-
tic growth model for the Dutch roll and Short period
mode when the velocity is perturbed and when varying
the height above sea level of the aircraft.
I. Introduction
Analysing the behaviour of an aircraft requires us to
set-up and solve the aircraft equations of motion[2–5].
These take in different inputs from the various controls
such as the aileron, elevator, rudder and throttle, as well
as different considerations like the flight condition or at-
mospheric disturbances. Solving them outputs various
quantities of interest, like the displacement, velocity and
acceleration of the aircraft. The dynamic relationship
between these input and output variables is described by
aircraft response transfer functions [6].
Solving the response transfer functions results in a
characteristic polynomial which can be used to obtain
the stability modes of the aircraft. Given the difficulty
in the computation of various quantities of interest, a
number of approximations are made and the motion of
the aircraft is restricted to small perturbations. However,
various software has been developed to solve these equa-
tions and model aircraft behaviour. We use the Anthena
Vortex Lattice method developed at MIT to analyse the
stability modes of a Boeing 737-800 under small pertur-
bations.
The Athena Vortex Lattice (AVL) is an aerodynamic
analysis method which is based on the extended Vortex
Lattice Method (VLM) [7, 8]. It was created by Mark
Drela from MIT Aero and Astro as well as Harold Youn-
gren and is described on [1]. Its use for aerodynamic
analysis is discussed on [9]. AVL can be used to develop
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aircraft configuration and perform aerodynamic analysis
like dynamic stability analysis. The VLM is purely nu-
merical and is based on solutions to Laplace’s equation
[10] (i.e a vortex singularity as the solution of Laplace’s
equation). VLM calculates quantities such as induced
drag, lift distribution for a given wing configuration etc.
II. Equations of motion
Let oxyz be a non-inertial coordinate system fixed to
the body of the aircraft. If the origin o represents the
centre of mass of plane, axes are aligned so x-axis and
y-axis are horizontal at equilibrium as shown in FIG (I)
and will be referred to as stability axes. The departure of
the aircraft from this orientation will allow for the study
of disturbance from the steady reference flight condition.
Stability of an aircraft is often studied under the stability
theory, following the work of Lyapunov. It is known that
for manned air crafts, instantaneous stability is not crit-
ical and as pointed out in [3] is neither a necessary nor a
sufficient condition for successful flight. However, all air
crafts will go through stable and unstable phases in their
flight and the analysis of the time it takes to return to
stability given a small perturbation from a steady state is
crucial and may well provide sufficient information about
the general stability of the aircraft.
Initially, we assume trimmed equilibrium with steady
velocity V0 = (Ue, Ve,We), meaning a steady/non-
accelerating aircraft with the forces and moments acting
on the air-frame balanced and summing up to zero. The
perturbation variables are:
• X,Y, Z - the axial (drag), side and normal (lift)
force
• L,M,N - the rolling, pitching and yawing moment
• p, q, r - the roll, pitch and yaw rate
• U, V,W - the axial, lateral and normal velocity
• φe, θe, ψe - equilibrium yaw, roll, pitch angles
The following figure shows the motion and perturba-
tion variables. The linear quantities are positive when
their direction is the same as the direction of action, while
positive pitch is nose up, positive roll is right wing down
and positive yaw is nose to the right as seen by the pilot.
The following table shows the motion variables for an
aircraft in trimmed equilibrium and a perturbed one for
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2FIG. I. Moving aircraft axes with motion variables [11] of a
generic fixed winged plane and not Boeing 737-800 whose sta-
bility we study in this article.
each axis. All the components that are set to 0 are those
that we’ll ignore in our analysis of small perturbations.
Trimmed equilibrium Perturbed
Aircraft axis ox oy oz ox oy oz
Force 0 0 0 X Y Z
Moment 0 0 0 L M N
Linear ~v Ue Ve We U V W
Angular ~v 0 0 0 p q r
Attitude 0 θe 0 φ θ ψ
In the case where we have transient perturbation with
components (u,v,w), the velocity becomes: U = Ue + u,
V = Ve + v and W = We +w. Perturbation equations of
motion can be set-up using Newton’s 2nd law in each of
the 6 degrees of freedom. It states F = ma for the linear
quantities and for the rotary quantities, (m) becomes the
moment of inertia while (a) becomes the angular accel-
eration. We set up the equations at an arbitrary point
P on the aircraft with coordinates(x,y,z). The local ve-
locity and acceleration equations follow including linear
and rotary terms.
u = x˙− ry + qz ax = u˙− rv + qw (1)
v = y˙ − pz + rx ay = v˙ − pw + ru (2)
w = z˙ − qx+ py az = w˙ − qu+ pv (3)
The equations we need for the 6 degrees of freedom are
the generalised force equations (3 dof), including gravi-
tational terms and the generalised moment equations (3
dof) given by Equations (4-9). Where X,Y and Z give the
generalised forces in each direction, while L describes the
rolling motion, M, the pitching motion and N the yaw-
ing motion. The gravitational terms represent the weight
components in the steady state and θe is the angle be-
tween the horizon and Ue.
m(U˙ − rV + qW ) = X Xge = −mgsinθe (4)
m(V˙ − pW + rU) = Y Yge = 0 (5)
m(W˙ − qU + pV ) = Z Zge = mgcosθe (6)
L = Ixp˙− (Iy − Iz)qr − Ixz(pq + r˙) (7)
M = Iy q˙ − (Ix − Iz)pr + Ixz(p2 + r2) (8)
N = Iz r˙ − (Ix − Iy)pq + Ixz(qr + p˙) (9)
In our analysis for small perturbations, we neglect
terms involving products and squares of the velocity
terms. We also assume that the aerodynamic force and
moment terms in the moment equations are only depen-
dant on the disturbed motion variables and their deriva-
tives. We also neglect any longitudinal-lateral coupling,
aerodynamic (or control) coupling derivatives.
Aerodynamic properties of an aircraft can be com-
pletely described using dimensionless parameters inde-
pendent of air-frame geometry or flight condition. To
make equations dimensionless, we divide by the appro-
priate force/moment parameter. We can also describe
the equations of motion in state space form using state
variables.
III. Parameters and control/response module
Aircraft response transfer functions are used to de-
scribe the dynamic relationships between the input and
output variables through some mathematical models de-
scribing the dynamics of the aircraft. When we work with
the decoupled equations of motion corresponding to small
perturbations, longitudinal inputs correspond to longitu-
dinal outputs and the same applies for the lateral. If y(t)
is the output which corresponds to the input x(t), the
transfer function T (s) is a ratio given by
Tyx(s) = y(s)
x(s)
(10)
We discuss next, specific cases of such transfer func-
tions, and in particular the ones related to our study.
Consider Fig (II) showing inputs and outputs classified
as either longitudinal or lateral.
FIG. II. Relationships of aircraft input and output variables
[11]. η is the elevator angle perturbation, E is the throttle
lever angle, ξ is the aileron angle perturbation and ζ is the
rudder angle perturbation. The output variables are the small
perturbations as previously defined.
Transfer functions, as discussed above, are written as
a ratio of two polynomials in the Laplace operator s.
For example, a transfer function involving two lateral
variables is found by perturbing the banking angle. The
roll rate p(s) response to the aileron ξ(s) is given by:
3T|pξ(s) =
p(s)
ξ(s)
=
Npξ (s)
∆(s)
(11)
In this equation, Npξ (s) is a unique numerator polynomial
in s relating roll response to elevator input and ∆(s) is the
characteristic polynomial common for all lateral response
transfer functions and gives the characteristic polynomial
when equated to zero, which can be used to analyse the
stability modes of the aircraft.
Laplace transforms play an important role in the anal-
ysis of an aircraft’s state parameter and are worth re-
viewing. If x(t) is any generic function of state, The
transformation of its derivatives take the form;
L[x˙] =
∫ ∞
0
estx˙dt = xe−st|∞t=0 + s
∫ ∞
0
e−stxdt (12)
where x˙ = dx/dt and where we have used integration by
parts given the conditions xe−st → 0 as t→ 0. Similarly,
the transformation of the x¨ can be found in a straight
forward manner. We note that for the variables that we
consider, the transformation processes are invertible. If
x˙ and x¨ are velocity and acceleration respectively, the
corresponding transformations are given in short-hand
notation by
L{x˙(t)} = sx(s)− x(0) (13)
L{x¨(t)} = s2x(s)− sx(0)− x˙(0) (14)
In these equations, x(0) and x˙(0) give the initial values
at time t = 0. We then take the Laplace transform of the
longitudinal/lateral equations of motion for small per-
turbations and express the result in matrix form. Then
apply Cramer’s rule to obtain the longitudinal/lateral re-
sponse transfer functions, setting the characteristic poly-
nomial to zero gives us the stability modes. This is dis-
cussed in detail on [3, 11]. We now discuss stability anal-
ysis given slight departure from these modes. In this
case, the stability of such a linear system, is determined
by the roots of the characteristic polynomial. In particu-
lar, a mode will be convergent if the real part is negative
which would indicate stability. A positive real part leads
to divergence and hence instability. The technique so far
discussed is for a linear system which is of the form
x˙ = f(x)
where x is a system of variables. One might wonder
about how to handle a nonlinear system. For small dis-
turbances such as the ones we consider, the method of
linearization would suffice. In particular, if the nonlinear
system of coupled variables is given by
x˙ = f(x, y) (15)
y˙ = g(x, y), (16)
if (x∗,y∗) denote the values at equilibrium, i.e.
f(x∗, y∗) = 0 = g(x∗, y∗) (17)
then a small disturbance may be characterized[12] as fol-
lows
δx = x− x∗ (18)
δy = y − y∗. (19)
It is trivially true, from a Taylor series expansion, that
˙δx = δx
∂f
∂x
+ δy
∂f
∂y
+O(δx2, δx2, δxδy) (20)
δ˙y = δx
∂g
∂x
+ δy
∂g
∂y
+O(δx2, δx2, δxδy) (21)
O represents quadratic terms in δx and δy. It is clear
that linearization, i.e. dropping of these higher order
terms will lead to a linear system in δx and δy of the form
(
˙δx
δ˙y
)
=
[
∂f
∂x
∂f
∂y
∂g
∂x
∂g
∂x
]
(x∗,y∗)
(
δx
δy
)
(22)
when evaluated at the equilibrium point (x∗, y∗).This
suggests that one can obtain the equivalent Laplace
transform of the Taylor series expansion about (x∗, y∗)
up to linear order in the perturbation variables δx, δy.
The resulting matrix is determined by the partial deriva-
tives at (x∗, y∗). We define the following constants:
α1 =
∂f(x, y)
∂x
|(x∗,y∗) (23)
α2 =
∂f(x, y)
∂y
|(x∗,y∗) (24)
β1 =
∂g(x, y)
∂x
|(x∗,y∗) (25)
β2 =
∂g(x, y)
∂x
|(x∗,y∗). (26)
The system of disturbance variables linearized about
(x∗, y∗) can be written as follows:
˙δx = α1δx+ α2δy (27)
δ˙y = β1δx+ β2δy, (28)
each of which may now be subjected to Laplace transfor-
mation as desired. It is easy to show that this yields
A
(
δx(s)
δy(s)
)
=
(
δx(0)
δy(0)
)
(29)
where
A =
[
s− α1 − α2
−β1 s− β2
]
(30)
This system may now be analyzed as in the linear case
by finding and analysing the characteristic polynomial.
We note that
|A| = f(s) = s2 − s(α1 + β2) + (α1β2 − α2β1). (31)
4However, caution is advised as the success of the lin-
earization is depended on the nature of the equilibrium
point (x∗, y∗) [13]. We will not belabour this point. With
these two approaches we can now look at the stability
modes for Boeing 737-800. The flight dynamics of 747-
200 is analysed in [14, 15].
IV. Stability Modes of a Boeing 737-800
The characteristic equation for lateral motion com-
monly factorises into a pair of real and complex roots.
The first real root describes the non-oscillatory Spiral
mode which develops slowly and involves complex cou-
pling in roll, yaw and sideslip. It’s excited by a distur-
bance in sideslip, resulting in lift and eventually a yaw-
ing moment which turns the aircraft. The yawing motion
causes a disturbance in roll so the aircraft flies a slowly
diverging path in both roll and yaw resulting in an un-
stable spiral descent flight.
The second real root describes the Roll subsidence
mode which has an exponential lag characteristic in the
rolling motion. It rolls with an angular acceleration as
described by Newton’s 2nd law and the roll rate builds
up exponentially until the restoring moment balances the
disturbing motion and a steady roll is established.
The two complex roots describe the Dutch roll mode,
which is a classical damped motion in yaw that couples
into roll and sideslip. It is comparable to the Short period
mode due to their similar magnitude in frequency and is
a complex interaction between all three lateral degrees of
freedom. This mode results in the aircraft rolling from
side to side in some oscillatory cycle which eventually
drops to zero.
The longitudinal motion characteristic polynomial is
of 4th order and factorises into two repeated roots. The
first pair of roots describes Phugoid mode, which is a
classical damped harmonic motion and results in the air-
craft flying in a gentle sinusoidal path about the trimmed
height. The motion can be approximated by undamped
harmonic motion conserving mechanical energy. The last
pair of roots describe the Short-period mode which is a
damped classical 2nd order oscillation in pitch. FIG (III)
shows the position of the roots on the s-plane for a Boeing
737-800.
V. The Logistic Growth Model
Analysis of nonlinear dynamical systems such as those
involving an aircraft are complex and not easy to carry
out without significant simplifying assumptions. It turns
out that some biological systems display characteristics
that are analogous to these mechanical systems but with
the advantage that these biological systems are well stud-
ied and understood. For example, the flight stability of
a hovering bumblebee was studied in [16] which could
improve our understanding of the stability of non-fixed
winged vehicles. In our case, we draw analogy with a
population growth model.
Various models are used to model growth of biological
systems and these variously address population dynam-
ics. The Verhulst logistic equation is used to approximate
population growth and is given by Equation (32), its so-
FIG. III. Boeing 737-800 stability modes on the s-plane and
excluding duplicates of roots lying on the negative half of the
complex plane as obtained from AVL
lution is given by Equation (33).
dN
dt
= rN
(
1− N
K
)
(32)
N(t) =
KN0
(K −N0)e−rt +N0 (33)
The model has the following key features:
• r is the intrinsic decay rate and represents decay
rate per capita
• N0 is the population size at t = 0 and the carrying
capacity is limx→∞ = K
• The relative growth rate, 1N dNdt declines linearly
with increasing population size
• The population at the point where growth rate is
maximum (inflection point) is given by Ninf =
K
2
VI. Results
We can use the solution of the Verhulst logistic equa-
tion to model the time taken to reach equilibrium for
various stability modes of a Boeing 737-800. In this case,
we take N(t) to be the time taken to re-establish equi-
librium and t to be the various quantities we perturb (i.e
velocity).
FIG (IV) shows the time taken to establish equi-
librium as a function of air density (corresponding to
different heights) for the Dutch roll and Short period
mode, including the corresponding logistic fits. The
Dutch-Roll mode has fit parameters: N0 = 1.03 × 109,
r = −2.69 × 10−1 and K = −6.29. On the other
hand, the Short-Period mode has fit parameters:
N0 = 1.37× 108, r = 3.79× 10−1 and K = 3.60.
We perform a similar analysis to find the time to
equilibrium dependence on the velocity, the results are
shown in FIG (V). The AVL linearization assumes small
5FIG. IV. Time taken to establish equilibrium as a function
of air density (corresponds to different heights) for the Short
period and Dutch roll modes of a Boeing 737-800
perturbations, thus not completely valid for velocity per-
turbations that are large from the free-stream velocity.
The Dutch-Roll mode has fit parameters: N0 = 180.0,
r = 6.0 × 10−3 and K = 7.10. While the Short-Period
mode has fit parameters: N0 = 52.0, r = 8.0× 10−3 and
K = 6.5.
FIG. V. Time taken to equilibrium as a function of velocity
for the Short period and Dutch roll modes of a Boeing 737-800
As can be seen from FIG (IV) and (V), the time taken
to establish equilibrium shows a damping system. This
can be explained by considering the fact that both of the
stability modes described manifest as a damped classical
oscillator.
In some emergency situations, an aircraft may be
forced to dump its fuel before landing in order to avoid
structural damage, given that the structural landing
weight is less than the structural take-off weight. FIG
(VI) shows that a lighter aircraft will return to equilib-
rium faster than a heavier one for the Dutch roll and
Short period modes. We also see that the time taken to
establish equilibrium varies linearly with mass (m) and
can be described by the linear fit Equation (34) for the
Dutch roll mode and (55) for the Short period mode.
TDR(m) = 2.051× 10−4m+ 39.28 (34)
TSP (m) = 2.184× 10−4m+ 11.16 (35)
FIG. VI. Time taken to equilibrium as a function of the air-
craft’s mass for the Short period and Dutch roll modes of a
Boeing 737-800
When an aircraft turns, it banks the wings (rolls
around the roll axis) at a particular angle in the direc-
tion of the desired turn. Once the bank angle is non-
zero, then the wings are not level and the aircraft is not
trimmed. The turns are classified as shallow for a bank
angle less than 20◦, medium for 20◦ ≤ bank angle ≤ 45◦
and steep for bank angles greater than 45◦. We also look
at how the time taken to establish equilibrium changes
with respect to the banking angle (φ). FIG (VII) shows
that the time to equilibrium is slightly higher for small
bank angles and decreases linearly by a small amount as
the banking angle is increased. Equations (36) and (37)
describe the linear fit of the time to equilibrium for the
Dutch roll and Short period mode respectively.
6TDR(φ) = −1.089× 10−1φ+ 57.25 (36)
TSP (φ) = −1.829× 10−2φ+ 27.78 (37)
FIG. VII. Time taken to equilibrium as a function of the bank-
ing angle for the Short period and Dutch roll modes of a Boe-
ing 737-800
One way to understand the dynamics studied here is
to consider logarithmic decrement parameter
∆ =
1
n
log
[
δx(tn)
δx(tn+1)
]
(38)
for a time-discretized sampling of the perturbation vari-
able δx(tn) where time to equilibrium is given by teq =
(
∑
n)T and where
∑
n is the total number of periods,
T , it take to restore equilibrium.
              
                                     
 
                                                                  
          
       
 
FIG. VIII. Period-sampled logarithmic decay function
In FIG (VIII) we have fitted a periodic function such
that subsequent peaks or crests of the oscillating function
are joined by exponential segments which together coin-
cide that of our decaying parameter. A simple measure
of stability is the comparison of ∆s for different graphs
of the same period taken at the same time-step n. It
follows that a comparative larger value of ∆ is indicative
of greater stability. All cases studied above are amenable
to the ∆ comparison technique. FIG (IX) is unique in
that it shows growth rather than decay but it too can be
∆-analysed and interpreted accordingly. We have used
a logistic function to examine stability. It will be noted
that one could use weakly nonlinear oscillators [12], but
one must be careful because not all linearized system
correctly approximate the exact solution. This is due to
existence of two-time scales for weakly nonlinear oscilla-
tors. This is illustrated below in FIG (IX). The remedy
is to apply the two-timing analytical technique and the
use this for sampling the function of interest[17].
⌅ Regular Perturbation Theory and Its Failure
I So,
x(t, ✏) = sin t  ✏t sin t +O(✏).
I For fixed t, good if ✏ is small (✏t << 1).
But need to capture true behavior for large t.
I Exact solution has 2 time scales:
x(t, ✏) = (1  ✏2) 1/2e ✏t sin[(1  ✏2)1/2t].
I Apply method of 2-timing (⌧ = t, T = ✏t)
x(t, ✏) = x0(⌧, T ) + ✏x1(⌧, T ) +O(✏
2).
FIG. IX. The existence of two time scales when exact solution
is compared to a perturbed approximation[12]
VII. Discussion and Conclusion
The stability analysis of flight dynamics is not a new
topic, the analysis of the stability of the multi-factorial
and coupled dynamical systems has remained a challenge.
In this study we set out to examine the stability of a
Boeing 737-800 by examining how the vehicle responds
to small disturbances. We have used both analytical and
simulation techniques. We have devised a new periodic-
sampling technique where an oscillating function is fitted
to match the function of interest and this is used to indi-
rectly quantify the stability given the small disturbances.
The counter-check to this method was the simulation us-
ing the publicly available AVL code.
In our analysis of the Dutch roll and Short period
modes of a Boeing 737-800, we have shown that the time
taken to return to equilibrium is longer at high altitudes
(low air densities) and shorter at low altitudes (high air
densities). This time taken to return to equilibrium de-
cays according to a logistic growth model with decreasing
altitude. This conclusion is confirmed by the ∆−analysis
method we have developed. We have also shown that a
lighter Boeing 737-800 re-establishes equilibrium faster
than a heavier one and that it re-establishes equilibrium
7slightly quicker if it is banked than when trimmed.
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